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MATEMATHUYHE MOJEJTIOBAHHSA TA OBYUCJ/IIOBAJIBHI METOIHN
UDC 519.832.4
V. V.ROMANUKE

A THEOREM ON PLAYING THE STRICTLY CONVEX-CONCAVE CONTINUOUS
ANTAGONISTIC GAME WITH THE SINGLE POSITIVE FIRST PLAYER COEFFICIENT AT ITS
PURE STRATEGY IN THE KERNEL
Abstract: There has been proved the theorem on the pure strategies solution of the strictly convex-concave continuous antagonistic game,

which kernel has the five nonzero parameters and the arbitrary constant. The solution is of the six different forms.

Amnotanis: JloBeneHo TeopeMy 100 PO3B’SA3KY Y UUCTUX CTPATETISIX CTPOTO OMYKJIO-BIHYTOI HENEPEpBHOI aHTATOHICTHYHOI TPHU, YUE PO
Mae II’ITh HeHYJILOBHX IIapaMeTpiB i JOBUIbHY IOCTiHHY. PO3B’ 130K ckiafaeThest i3 mecTH pisHUX Gopm.

AnHoTanus: JIokazaHo TeoOpeMy KacaTelIbHO PEIICHUS B YHCTBIX CTPATETHSAX CTPOTO BBIMYKIO-BOTHYTOI HENPEPBIBHOH aHTarOHUCTHYECKOI
UrPBI, YbE PO UMEET MATH HEHYJICBBIX APaMETPOB H IPOH3BOJIBHYIO IOCTOSHHYIO. PellieHre COCTOUT M3 IeCTH Pa3InIHbIX GopM.

Key words: pure strategies solution, convex-concave game, fair competition.

The problem decomposition and the paper investigation assignment

The strictly convex-concave continuous antagonistic game is an impartially appropriate and trustworthy
mathematical model of some competitive activity socio-economic processes and events, attaching technical
processes of machine-building aggregates run-in. The simplest type of the kernel of the strictly convex-concave
continuous antagonistic game is the surface

K(x, y)=ax2+bx+gxy+cy+hy2+k, )

defined on the unit square
SK=X><Y=[0;1]><[O; 1], 2)
where X = [0; 1] and Y = [0; 1] are the sets of pure strategies of the first and second players
respectively; x € X =[0; 1] and y € Y =[0; 1] are the pure strategies of the first and second players respectively;
a, b, g, c and h are the real coefficients, and k£ € R is a generalized constant. Such definition allows easily
to propagate the consequent statements and conclusions for strictly convex-concave continuous antagonistic
games with the kernel, defined generally on a Borelean subset S, = X xY of the space R? [1, 2], and modeling

appropriate events [3], objects [1, 3], systems [2, 4, 5], processes [4, 5]. This paper investigation assignment is to
prove the solution theorem for the strictly convex-concave continuous antagonistic game with the defined on the
unit square (2) kernel (1) by some its nonzero coefficients, which are determined by their signs. In modeling
processes of machine-building aggregates run-in time selection, where the first player is a stochastic
unexpectedness, and the second is the run-in time (interval), it will ensure the reliable fixation of the run-in time.

Specifying the strictly convex-concave continuous antagonistic game
and proving the theorem of its whole solution

It is known [6, 7], that if the continuous antagonistic game is strictly convex, then there is the condition

62K(x, y)
—————>0 VxeXand V ye?. 3)
oy’
Then for the kernel (1) there is the second partial derivative of y
IK(x,y) &, , 0
—— - (e’ +bx+gxy+ey+hy +k)=—(gx+c+2hy)=2h, 4
PE 6y2( gy +cy+hy’ +k) ay(gx ) ©)

K (x,
whence by the condition (3) here is % =2h>0 and the coefficient 4 > 0. On the other part, if
v

the continuous antagonistic game is strictly concave, then there is the condition

82K(x, y)
a—2<0 VxeX and‘v’er. (5)
X
The second partial derivative of x for the kernel (1) is
OK(x,y) & . ~
T—g(ax +bx+gxy+cy+hy +k)—a(2ax+b+gy)—2a, (6)
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’K(x, )

P =2a <0 and the coefficient a < 0. Consequently, there
X

whence by the condition (5) here is

remain the coefficients b, g and c to be designated. Here may lay them down [8] as >0, g <0, ¢ <0, that
is the only positive first player coefficient is at its pure strategy x in the kernel (1).
For further acting, may the set X, < X = [O; 1] be the optimal strategies set of the first player, and the

set ¥, ¥ = [O; 1] be the optimal strategies set of the second player in the specified game. In the pure strategies

the optimal game solution [9, 10] will be stated as the set
PR ={X s Yos Vi } ™)

opt> “opt> " opt

by the optimal game value ¥, . Then there is the theorem.

Theorem for the specified game solution

In the strictly convex-concave continuous antagonistic game with the kernel (1) by the parameters a <0,
b>0, g<0, ¢<0, h>0, and k €R, each of the players has the single optimal strategy, being the pure,
where the number of the unique solutions equals to 6, and the pure strategy y =0 of the second player must not
be its optimal strategy.

Proof

As a <0 then the parabola (1) being the function of the variable x has the global maximum point x___,

which is the root of the equation [8]

iK(x, y)=i<ax2+bx+gxy+cy+hy2+k):2ax+b+gy=0. (®)
ox ox
Then the point
b+gy
Xy =~ ?
max za ( )
b 2a+b
and x,, >0 by b+gy>0 or y<——; x,,, <1 by b+gy<-2a or y=>-— . So, the global
g
2a+
maximum point x,, € X =[0; 1] if the point ye{— 2a+b; —2} . Here the left end —== b 20 if 2a+6>0
g g g
. b _. .
and the right end —— <1 if b+ g <0.
g

2a_+b; —é} there is the kernel (1) maximum

Asthe point x,, € X = [0; l] thenby y e {—
g

_ _ B _b+gy a
r}_lg{xK(x, y)—xtg[fi)l(]K(x, V) =K (X, y)—K( > ,yj_

(b+gy)2

(b gy)2 b+gy b+gy
—b —gy
2a

+ey+hy’ +k =
4a’ 2a i

tey+hy’ +k=—

2 2 2 2
bg g ) ,4ah—g 2ac—-bg b
=———=y4+cy—="—y +hy +k= + -——+k, 10
4a Zay 7 4ay Y 4 4a 4 2a 4a (10)
where on the left end of the proper subsegment of ¥ = [0; l]
K(xmaxﬂ _2a+bj=K(_b+—gy’ —szl((l, _2a+b]’ (a1
g 2a g g
and on the right end
K(xmax,—£j=1<(—b+gy, —EJ:K(O,—EJ. (12)
g 2a g g
As there is the inequality a+b+gy>0 by y<—a+b and _a+b€(_2a+b;_£] then the
g g g

maximum of the surface (1) on the unit segment X =[0; 1] of the variable x is
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maX{K(O’y)’K(l’J’)}:K(l,Y)=a+b+gy+cy+hy2+k,y€{0§—2a+b};
g
- k[ brey | pdeh-g | Dac-bg b 2a+b_ b |
Q%ﬁxayy_K(%W}O_K(_Ezﬂyj_y da VT aa s hve =2 f 09
maX{K(O’y)’K(l’y)}:K(Oay)=Cy+hy2+k,y€[_£;1]
g

For minimizing the function (13) on the unit segment ¥ = [0; 1] it is necessary to determine the minima
of the three parabolas K(l, y) , K(xmax, y) and K(O, y) on the specified in (13) three subsegments of Y . The

global minimum " of the parabola K (1, y) is the root of the equation

min

d d )
—K(l, y)=—\a+b+gy+cy+hy +k)=g+c+2hy =0, 14
dy(y)dy( grHey+hy’ +k)=g y (14)
whence the point
) __8*c¢ 15
ymm Zh N ( )
. 0 <1> 2a+b . .
As g+c <0 then the point y,! >0 and y,; <—-——— if there is the statement
g
2h(2a+b)- +
J’Sgn_ ~2a+b :_g+c+2a+b: (a ) g(g C)<O, (16)
g 2h g 2hg

whence y

min

e (O; —Mj by 2h(2a+b)—g(g+c)>0.Mark, that the value of the parabola K (1, y)
g

in the point y<l> is

min

2
K(L ylﬂ?ﬂ):K(l, —g+CJ=a+b+g(—g—+cj+c(—g—+cJ+h(—g+cj +hk=a+b+
2h 2h 2h 2h

’ (g+e) | (g+e) (g+e)
+(g+c)(—g+cj+h(—g+c) tk=a+bh--8 118 tk=a+b—E"Y k. 17
2h 2h 2h 4h 4h

2

4ah—g
a

Turning to the parabola K (x,.., ), it is seen that the coefficient >0 points at that the

parabola K (x,,, ») has the global minimum y,; , that is the root of the equation

_ o2 _ 2 52 _
d (xmax’y):i y24ah g +y2ac bg_b_+k :y4ah g +2ac bg:O, (18)
dy dy 4a 2a 4a 2a 2a
whence the point
bg —2ac
in =, o 2 19
Yrin = 2k — g (19)
and the function (10) in this point is
— _ 2 o2 _ _ 2
K (Xps Yo ) = K _b+gy’bg ZaS _[ bg 2a§ 4ah—g +bg 2a(2:2ac bg_b_+k:
2a  4ah-g 4ah—-g 4a 4ah—-g 2a 4a
_ (bg- 2ac)2 (bg —2ac)2 b? ke (bg —2ac)2 p> e
4a(4ah—g2) 2a(4ah—g2) 4a 4a(4ah—g2) 4a
2.2 22 32 2 2 _ 2, 72 —bo )+ bk
_b'g” ~dacbg +4a’c” —b'g" +4ab’h  _ —cbg+ac’ +b h+k=c(ac g ) L 20)

4a(g2 —4ah) g’ —4dah g’ —4ah
Obviously, that by the initial conditions there are the inequalities bg —2ac <0 and 4ah—g* <0,
bg —2ac

- > 0. The difference between the point (19) and the left end of the subsegment

whence the point y . =

{ 2a+b b}.
- ;—— |18
g g
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. _(_ 2a+bj _bg-2ac_2a+b_be’ ~2acg +(4ah- g’ )(2a+)

g ) 4ah-g° g g<4ah—g2)
2a(2bh—cg)+2a(4ah—g*
= ( ¢) ( il ): 2a [2h(2a+b)—g(g+c)].
g<4ah—g2) g(4ah—g2)
2a+b .
S0, Vi > — by 24(2a+b)—g(g+c)<0. And as the difference
b bg—2ac b bg’ —2acg+4ahb—bg’ 2a
2= 4+ = = 2hb—
P ( gj 4ah-g*> g g(4ah—g2) g(4ah—g2)( cg)

then y .. < b by 2hb—cg >0.
g

{0 of the parabola K (0, ») is the root of the equation

min

The global minimum y

d d 2
—K (0, y)=—I\cy+hy " +k)=c+2hy =0,
" (0. y) dy(y y + k) y
whence the point
-t

2h°

Certainly that —i >0 and as the difference

O _(_b)__c b_2hb-cg
min g 2h g 2hg

mi

then y<031 >—£ by 2hb—cg <0; and yﬁﬂl <1byc+2h>0.
g

1)

(22)

(23)

24

(25)

For further proving there should be considered all the cases with the inequalities, defining every saddle

point.
Casel. b+g <0, 2a+b>0, 2h(2a+b)—-g(g+c)>0

VAT

min

min min
g

W o __gte (_LJ_ 2,

. . 2 . .
Here is the point y<1> € (0; _ax bj. The difference between the points y<1> and y

Ymin ymin__j_ __Zh

mi min min

As the point y<1?n < _2axh then
g

Applying the double parabolic inequalities

K(o, yﬁj’i{l)u{o, —£J<K(O, 1),

g
K(xmax’ ymin)<K(xmax7 _za+b] <K[‘xmax’ _2] :K[O’ _EJ’
g g g
e R e R T

the minimum of the function (13) on the segment Y

A )~y i, K1) iy ). i (02)
g

= min K(l, J’S,?n ), min{[{(xmax, _Za_—kbj, K[xmax’ _éj}, min{K[O, _2], K (0, 1)}
g g g

ye| 0; — yel——;1
g

g g

y<0> < _2ath and y<°> < —2. Also here the point y , <—
g g

(26)

2a+b
P

@7n

(28)

29
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=min{K(l, yf;?n), K(xmax, _2a+bj’ K(O, —EJ}z
g g
:min{K(l, Yoh ) K(xmax, _2a+b} K(xmax, _QJ} _
g g

2
. 2a+b g+c
= mm{]{(l, yg?n ), K(xmax, - 2 j} = K(l, yf;?n ) = a+b—%+k =V (30)
is reached on the optimal strategies set of the second player
_fl_J_8rel _
Yopt_{ymin}_{ 2% }_{yopt}~ (31)

The optimal strategies set X, of the first player is determined by the roots x, and x, of the quadratic
equation [6, 7]
Vo = K (%, v ) - (32)
In the case being investigated the corresponding equation (32) is

2 2
+
V. :K(l,—gz—;cj:a+b—(g4hc) +k:ax2+bx+gx(—g+cj+c(—g+cj+h(—g+cj +

opt

2h 2h 2h
2bh—g(g+c) +c +c)2 +
+hk=ax’ +x A —cg C+ g +k:K(x,—uj=K(x, yol); (33)
2h 2h 4h 2h P
2bh - : ’
ax2+x{ g(g+c)}_cg+c+(g+c) —a—b+(g+c) =
2h 2h 4h 4h
2bh — -2
:ax2+x{ bh g(g+c)}_g(g+c) h(a+b):
2h 2h
2bh — -2 -2
:a[x2+){ bh g(g+c)}_g(g+c) h(a+b)]:a(x_l)(x_g(g+c) h(a+b)j:0. (34)
2ah 2ah 2ah

It is seen from the statement (34) that the roots of the equation (33) are x =1 and
g(g+c)-2h(a+b) g(g+c)-2h(a+b)

X, = . But as 2h(a+b)-g(g+c)>-2ha>0 then >1 and the
2ah 2ah
optimal strategies set of the first player is

X = {x}={1}. (35)

Accordingly the investigated case game solution is

2
+
=11y, &€ ,a+bf(g ) il (36)
2h 4h
2a+b 2a+b
The next case must be at 24(2a+b)—g(g+c) <0, where J’Sn}n >-2972 and Vinin = ~Z077 Setting
g g

. . . . b . .
on the inequality 2Ab—cg >0 there due to (22) is the point y,, <——. And due to (25) there is the point
g

o <=2,
g
Case2. b+g<0, 2a+b>0, 2h(2a+b)—g(g+c)<0 , 2hb—cg >0
. . 2a+b b . . ..
Having the point y_, €| — ; —— |, the corresponding double parabolic inequalities (27) and
g g
{K[xmax’ - 2a+bj 2 K(xmax’ ymin )’ K(xmaxﬂ ymin) < K(‘xmax’ _éj = K{Oﬂ _éj} > (37)
g g g
K(1,0)> K(l, - 2"”’] - K[xmax, 2"+b] > K(1, 7). (38)
g g

the minimum of the function (13) on the segment Y
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min, max K (x. ) mm{ P KD Bl K 2)e i K (0272
g g

=mm{mm{ = 2“*’?)},K<xmax,ymm>,mm{1<(o,—§],K(o,1>}}=

_mm{K[l, 2a+b , K(xmax, ymi“), K(O, _éj}:
g

g

—bg)+b’h
K (s vy) = K[ 2280 be=ac) clacbe) b,y (39)
2a " 4ah-g* g —4ah
is reached on the optimal strategies set of the second player
bg —2ac
Yopt:{ymin}:{4ah_g2}:{yopt}' (40)

The corresponding equation (32) is
- —bg)+bh
V. :K[—b+gy bg 2acj:c(ac g) el

o 2a  4ah-g° g’ —4ah
2
:ax2+bx+gxbg_2af+cbg_2af+h bg—2af +k=K|x —bg 2a(2: K(x yopt) (41)
4ah—-g 4ah—-g 4ah—-g "d4ah-g

2 2
- —2ac —2ac —bg)+bh
ax2+bx+gxbg 2ac+cbg 2ac+h(bg 2“) —C(ac 2) =

dah—g*  4ah-g’ 4ah—g* g’ —4ah

,  4abh-bg? +bg “2acg (bcg—?-acz)(4ah—g2)+h(bg—2ac)2 clac=bg)+bh _

=ax +Xx

dah—g* (4ah—g2)2 4ah—g*
2a(2bh— Q227 1.3 2 2 2.2 _ 2 2
Cal i a( jg)+4ahbcg 8a"c"h—bcg” +2ac™g +2hbg 4ahbcg+4ach+
4ah-g (4ah—g2)
. [c(ac—bg)+b2hJ(4ah—gz) 2, 2a(2bh—cg) N —bcg® +2ac’ g +hb*g® —4a’c’h .
= X
(4ah—g2 )2 4ah - g (4ah—g2 )2
4azczh 4abcgh +4ab’h* —ac’g® +beg’ —b*hg® B
(4ah g )
2a(2bh - 2o - 2h? 2a(2bh
g a2l :g)+ac g —4abegh +24ab B u
4ah—g (4ah—g2) dah—g*
(cg—th)2 ) 2bh— cg cg —2bh ’ 2bh—cg ’
ta———5=a|x +2x + > =alx+——= | =0. (42)
(4ah—g2) dah—-g* \4ah—g 4ah—g
. . . . . cg —2bh
Essentially, that with the statement (42) the single root of the equation (41) is x, = x, :W. As
an—g

cg —2bh

2hb—cg >0 then o 0, and inasmuch 24(2a+b)—g(g+c)<0 then 4ah— g’ <cg—2bh, whence
a _g

the value <& =27 th (O 1] So, the optimal strategies set of the first player here is
B B | cg—2bh
X0pt_{x1}_{x2}_{4ah_g2}' (43)

Accordingly the investigated case game solution is
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— - bg)+bh
p_1l8 2b}zz , bg 2a(; , (ac g) e (44)
dah-g dah-g g’ —4ah
The subsequent case is to be investigated by 24b—cg <0, when still J’Si)n 2_2a_+b and the point
g

where it should be attached the inequality

min =~

b . ‘ .
VYin = —— - Besides, due to (25) there is the point y<q> >-
g

g | o>

min

c+2h >0, jointly giving the point y<°.> S {—2; 1} .
g

Case3. h+g <0, 2a+b>0, 2h(2a+b)—g(g+c)<0, 2hb-cg <0, c+2h>0

Here are the double parabolic inequalities

{K(o, b)>1<(o, ) k(0 58 ) < K (0, 1)}, 43)
g
K(xmax, - 2a+b} > K[xmax’ _bj = K(O’ _bj > K(xmax9 ymin ) H (46)
g g g

and (38). Then the minimum of the function (13) on the segment Y

}rerférhgg%][((x y) =min B Omlzrtlnb K(1, y), [g}g}b}K( max,y),y:r}lﬁr?l K(0,y)r=
g

:min{min{]{(l, O), K[ 2a+bj} {K[xmax,—2a+bj, K(xmax’_éj}, K(O, yfr?]}n)}:
g
:min{ [ 2a+bj ( Xnax> ~ j 0, ym)}:
zmin{K[xmaxy_za-f_bJ K( max’_ ’ Ymin }
g
:min{K[xmaX’_éj’ K<0’ yft??")}:min{ [0 - ’ mm } K 0 ymm -
g
c c ¢ Y
=K|0,—— |=c| — |+ h| — k——:V 47
2h 2h 2h 4h
is reached on the optimal strategies set of the second player

Y, ={ )= { zch} [V} - (48)

The corresponding equation (32) is

2
V..=K 0,—i :k—c—zax2+bx+gx - +k:
P 2h 4h 2h
<

2
:ax2+bx+gx(—ij k—Z—h:x(ax+b— g]+k— =

2h 2h 4h
2hb—cg ¢’ ( c )
=x|ax+——= |+k—-——=K| x, — X, 49
( 2h J 4h 2h K(x. v ) “49)
From the equation (49) get the equation
x(axﬂhb_—cgj:x(ﬁz%_—cg]:o, (50)
2h 2ah
. cg—2hb . .\
whence the roots of the equation (49) are x;, =0 and x, = B By the initial condition
a
. cg—2hb . . .
2hb—cg <0 it means that x, = 2— < 0. So, the optimal strategies set of the first player is
a
Xop =10} =10} (51)
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Accordingly this local investigated case game solution is the set

%:{{0},{—%},k—%}. (52)

Cased4. b+g<0, 2a+b>0, 2h(2a+b)—g(g+c)<0, 2hb—cg <0, c+2h<0

There are the points y<]> > - 2ath s Vin 2 —2 ) y<0>
g g

M A > 1, satisfying the double parabolic inequalities

b (0)
K| 0,-Z|>Kk(0,1)>Kk(0, y%), (53)
(0.5 ) k00> k(02

(46) and (38). Then the minimum of the function (13) on the segment Y

min max K (x, y)=mins min K(I,y), min _K(x,.»), min_K(0, y)p=

vel0; 1] x€[0; 1] ye[O' 72a+b] ye[72a+b_ 7&} ye[—ﬁ' 1}
4 4 4 4

— min {min{K(l, 0). K(l, - 2“£bj}, min{K(xmax, - 2";)}, K(xmax, —gj}, min {K(o, —g], K (0, 1)}}

- min{K(l, - 2"”’}, K(xmax, _EJ, K (0, 1)} _
g g
- min{K[xmax, —Mj, K[xmax, —ﬁj, K (0, 1)} -
g g

- min{K[xmaX, _2], X (o, 1)} - min{K(O, _ﬁ], K (0, 1)} SK(0.1)=cthik=V,, (54)
g g
is reached on the optimal strategies set of the second player

Yoo = {1} = {yen} - (55)
The roots of the corresponding equation (32)

Vo, =K(0,1)=c+h+k=ax’ +bx+gx+c+h+k=

opt

:ax(x+b+gj+c+h+k:K(x, D=K(x v, (56)
a
b+g b+g . .
are x, =0 and x, =——=. But b+g <0 means x, =— < 0, so the optimal strategies set of the
a a
first player is (51). Accordingly this local investigated case game solution is the set
22 ={{0}, {1}, c+h+k}. (57)

At this the maximum (13) has been investigated completely. For subsequent investigations there should

. . 2 .
be set up the condition 2a +b < 0. Right away the value — atb <0 and the maximum of the surface (1) on the

g
unit segment X =[0; 1] of the variable x is

_o? _ 2
K (X v) = K —M,y =) dak g +y2ac bg—b—+k,ye 0;—2;
2a 4a 2a 4a g (58)

iy 5)-

maX{K(O, v), K(1, y)} :K(O, ) =cy+hy* +k, y e{—ﬁ; 1}.
g

If to set there up the condition 2ihb—cg >0, then the statement (22) will give y_, < —2, and the
g

statement (25) will give y<0i>n < _b .

m

CaseS5. b+g<0, 2a+b<0, 2hb—cg>0
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Here is the point y . € (O; —ﬁJ , giving the corresponding double parabolic inequality
g

{K(‘xmax ’ 0) > K(‘xmax’ ymin )’ K(xmax’ ymin ) < K(xmax’ _éj = K(O’ _é]} . (59)
g

g
With the double parabolic inequality (27) the minimum of the function (58) on the segment Y

Iin max K (x, y)=min y:ﬁinb]K (xmax,y),yer[nibl?l]K (0.7)=
4 4

= min{K(-xmwu ymin), mm{K(O, _2)’ K(O, 1)}} _
g
= min {K(xmax > ymin )’ K[O, __j} = mln{K(-xmax 5 ymin ), K[xmax N __]} —
£ g

b bg -2 —bg)+b’h
K (s ) = K| A Demlac)_clacbe) bk, (60)
2a  4ah-g g —4dah
. . . . cg —2bh

is reached on the optimal strategies set (40) of the second player. The single root x; =x, = ol —a? of

ah—g

. . . . . . cg—2bh
the corresponding equation (41) is determined by the equation (42). As 2hb—cg >0 then again Aol ot >0,

an—g

. —2bh
and inasmuch 2/ (2a+b)—g(g+c)<0 then 4ah—g* < cg —2bh , whence the value ‘th—z
a

-&
set (43) is the optimal strategies set of the first player, and the investigated case game solution is the set (44).

€(0;1). So, the

b
Further setting up the inequality 24b—cg <0 drives to that the point y . >——, but yf]?li € {—2; 1} by
g g

the inequality ¢ +242>0.
Case 6. b+g<0, 2a+b<0, 2hb—cg <0, c+2h>0
b
Here are the point yﬂl € {—2; 1} and the point y . >——, giving the double parabolic inequalities
g g
(45) and
b b
K(xmux’ 0) >K Xmax> — |~ K 0’ e K(xmax5 Ymin ) . (61)
g

g
Then the minimum of the function (58) on the segment Y

mmin maxt K (x, ) =min y:ﬁinb]K (xmax,y),yer[nibl?l]K (0.7)=
4 4

= min {min {K (Xpaxs 0), K(xmax, —gj}, K(O, ylﬁ )} =
_ min{K[me, _gj, K(o, 0 )} = min {K(O, —é), K(O, P )} -

2
_ ) = B P A
= k(0,5%)= K(O, 2h] =k ==V (62)
is reached on the optimal strategies set (48) of the second player. The roots of the corresponding equation
—2hb . . . .
(49) are x, =0 and x, :cg2_< 0, that is the optimal strategies set of the first player is the set (51).
a

Accordingly this local investigated case game solution is the set (52).
Case7. b+g<0, 2a+b<0, 2hb—cg <0, c+2h<0
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min

b L o
As the point y . >—— and the point y<0> >1 then respectively with the double parabolic inequalities
g

(61) and (53) there the segment ¥ function (58) minimum

min max K (x, y) = min ):ﬁinb]K (xmax,y),yer[rlibr?l]K (0.7)r=
g

g

= min {min {K (¥paxs 0), K(xm , —gj}, min {K[O, _g} K (0, 1)}} =

:min{K[xmax, —Ej, K (0, 1)} = min{K(O, —ﬁj, K (0, 1)} =K(0,1)=c+h+k=V,, (63)
g g

. . b+
is reached on the set (55). The roots of the corresponding equation (56) are x, =0 and x, =— g <0,

a
that is the optimal strategies set of the first player is (51). Accordingly this local investigated case game solution
is the set (57).

At this the maximum (58), or, to be more general, the maximum (13) by sum 5+ g <0, has been

investigated completely. For subsequent investigations there should be set up the condition b+g >0. As

2a+b
—£>l then x_ >0 by y<l, and if 2a+b>0 then x a

max mq
g

_2a+b

. At this the value

w1 by y2=>-

€[0;1] by 2a+b+g<0. The inequality a+b+gy>0 by y< _axh means that the maximum of
g

the surface (1) on the unit segment X = [O; l] of the variable x is

max{K(()’ y),K(l, J’)}=K(1, y):a+b+gy+cy+hy2+k,ye 0;_2a+b ;

max K(x, y) = 2 2 & (64)
xe[0:1] b+gy j ,4ah—g 2ac-bg b 2a+b
K(x ,y)=K|—=,y|= + ——+k,ye| - ;1.
(Yaxs ) ( L I P ey W .
Due to the inequality (16) there by the condition 2h(2a+b)-g(g+c)>0 will be the point
yﬁ?n € [0; _Zat bj , and due to the statement (21) there by the same condition will be the point y,,, <— 2ath .
g g
Case8. b+g>0,2a+b>0, 2a+b+g <0, 2h(20+b)—g(g+c)>0
Having here the double parabolic inequalities (29) and
K('xmax’ ymin)<K('xmax’ _2a+bj<K(xmax’ 1)’ (65)
g
the minimum of the function (64) on the segment Y
T )i i K(0) )
= min K(l, yfi?n), min{[{(xmax, _ 2a+b]’ [((xmax, 1)} =
g
—min{ K (1, ¥ ), K 20+ 0]l _ (1,0 )zanp-EX) Ly, 66
= min (’ymin)7 Xmax> — g - (7ymin)_a+ _T+ — " opt ( )

is reached on the optimal strategies set (31). Now it is quite clear that the investigated case game solution
is the set (36).
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. . . 2a+b .
Setting up the condition 24(2a+b)—g(g+c)<O0 there appear the point P> _ZA7T0 and the point
g

2a+
i ath . And as there is the difference
g
_ —Dac— 2 b+g)-2a(c+2h
ymm—1=bg 2a§_1:bg 2ac 4a2h+g :g( g) (2 ) (67)
4ah—g 4ah—g 4ah—g

then y .. <1 by g(b+g)—2a(c+2h)>0.
Case9. b+g>0,2a+b>0, 2a+b+g <0, 2h(2a+b)—g(g+c)<0, g(b+g)—2a(c+2h)>0
Having here the double parabolic inequalities (38) and

{K(xmaxa 2a+b] > K(xmax’ ymin )’ K(xmax’ ymin) K(xqu’ )} H (68)
g

the minimum of the function (64) on the segment Y

Vrerf(l)rhgl[g%]K(x y)=min ; (:’;I{i2I31+b K(Ly), min K(x,.»)f=

= min {min{K(l, 0)5 K(l, 2 +bj}’ K('xmax > Vimin )} =
g
= { [ 2a+bj (xmax9 ymin )}:min{K[xmax’ _Za—-‘rb]’ K('xmﬂx’ ymin )}:
g

- —bg)+b’h
K (xs v ) =K _b+gy’ bg Zaf :c(ac2 g ) ck-v, 69)
2a  4ah-g g~ —4ah

is reached on the optimal strategies set (40) of the second player. So, the investigated case game solution
is the set (44).
Case 10. b+g >0, 2a+b>0, 2a+b+g <0, 2h(2a+b)-g(g+c)<0, g(b+g)-2a(c+2h)<0

min

K(L—z‘”b}f{xm,—z“—”’}K( b )5 K (s ). (10)
g g

Then the minimum of the function (64) on the segment Y

. 2a+b . .
Here appear the points y<1? > il and y_ . >1.It means the double parabolic inequalities (38) and
g

Hmin max K (z, y)=min [Oml;lb}K(l y):y{min;l K (s ¥) =
g g

:min{min{K(l, 0), K(l, _2a+bj}’ min{K(xmax, _2a+bj’ K(v, 1)}}:
g g

=min{K(1, - 2“+bj, K (%, 1)}=min{K[xmax, —2"+bj, K (X l)}:K(xmax, 1)=
g

g
- 2 b+g)
2a a 4a 2a  4a 4q P
is reached on the optimal strategies set (55) of the second player. The corresponding equation (32) now is
b+ b+g)
Vopt ZK(— 2ag , lj:c+h—%+k =ax’ +bx+gx+c+h+k=K(x, 1)=K(x, ) (72)
b+g) g
ax2+bx+gx+( g) =a(x+b+gj =0. (73)
4a 2a
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. . +
The last equation gives the roots x, =x, =— &

of equation (72). The conditions b+g >0 and

2a+b+ g <0 mean that the value — b2+ £ ¢ (0; 1] and the optimal strategies set of the first player
a
b+g
Xy ={x)={n) :{_ - } (74)
Consequently, the investigated case game solution is the set
b+g)
7= {b+g},{l},c+h( ) il (75)
2a 4a

Running further, as by the inequality 2a+b+ g >0 there is the inequality a+b+gy >0 V ye [O; 1] ,
then the maximum of the surface (1) on the segment X of the variable x is
max K(x, y) = max{K(O, y), K(l, y)} = K(l, y) =a+b+gy+cy+hy’ +k. (76)

xel0;1]
As g+c<0 then here the point ! e (0;1] by g+c+2h=0.

Casel1l. b+g>0, 2a+b>0, 2a+b+g>0, g+c+2h>0
As here the point y<]> € (O; 1] then there is the double parabolic inequality

(K (,0)> K (1, ). & (1 20 )< K (L 1) )
Then the minimum of the parabola (76) on the segment Y
. o o 2 -
1r€r[1(1)rh xril[giﬁ]K(x, y) = }!Eéf‘l]K(L y) = )g{l&nﬂ(d +b+gy+cy+hy +k) =

(o) _y, 78
4h — Topt ( )

is reached on the set (31). Clearly, that the investigated case game solution is the set (36) once again.
Case12. b+g>0,2a+b>0, 2a+b+g>0, g+c+2h<0

:K(l, y<]> ):a+b—

min

As here the point yf;?n >1 then there is the double parabolic inequality
K(1,0)>K(1,1) >1<(1, I ) (79)

min

meaning that the minimum of the parabola (76) on the segment Y
min max K(x, y) = min K(l, y) = min{K(l, 0), K(I, 1)} =

ve[0;1] x€[0; 1] yel0:1]
=K(Ll)=a+b+g+cth+k=V,, (80)
is reached on the set (55). The roots of the corresponding equation (32)
Vo, =K(L1)=a+b+g+c+h+k=ax’ +bx+gx+c+h+k=

opt

= a(x—l)[x+wj+a+b+g+c+h+k =K(x, 1) = K(x, yopt) (81)
a
are x, =1 and x, = —M. But 2a+b+g>0 means that _axrbrg >1. Then the optimal
a a
strategies set of the first player is (35). Consequently, the investigated case game solution is the set
Z={{1}.{1},a+b+g+c+h+k}. (82)

Taking on the factor 2a+b<0 by b+g >0, the kernel (1) maximum is (10), owing to the value
2a+b
g

g(b+g)—2a(c+2h)20.
Case13. b+g >0, 2a+b<0, g(b+g)—2a(c+2h)>0

<0 and the formula (64). With the difference (67) the point y. €(0;1] by

As here the minimum point y, ;. €(0; 1] then there is the double parabolic inequality

{K(xmax’ 0) > K(xmax7 ymin )’ K(xmax7 ymin ) < K(xmax’ 1)} H (83)
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whereupon the minimum of the parabola (10) on the segment Y

yre%q] f?[fi)]{]K(x’ y)= )g(l(i);nl]K (X V) =

_ 2
:K(xmax,ymin):K(_b+gy bg—Zacj_c(ac bg)+bh

, = +k=V,
2a  4dah-g’ g —4ah "
is reached on the set (40), and the investigated case game solution is the set (44).
Case 14. b+g >0, 2a+b<0, g(b+g)—2a(c+2h)<0

In this relational topology the minimum point y, . >1 by the double parabolic inequality

K(xmax 4 O) > K(xmax’ 1) > K(xmax’ ymin) .
Then the minimum of the parabola (10) on the segment Y
min max K (x, y)= min K (x,,., »)=

yel0; 1] x€[0; 1] ye(0: 1]

= min {K (X, 0), K (X000 1)} = K (X005 1) :K(_b;agy, 1)=K(_b2+g , 1);

a
4ah—-g* 2ac—bg b’ (b+g)
JAiTE jsdemos 2 VI8 kv

+k=c+h- opt

4da 2a 4a da

(84)

(85)

(86)

is reached on the optimal strategies set (55) of the second player, whence the optimal strategies set of the

first player (74) gives the investigated case game solution in the set (75).

Now if to aggregate and group the investigated 14 cases into the table below, then it is certain, that there
are the six unique solution cases, being in the pure strategies, where the second player never applies its minimal

pure strategy y=0.

Table 1 —The six unique solutions of the specified strictly convex-concave continuous antagonistic game

Relational topologies in the kernel (1)
by a<0, b>0, g<0,¢<0, h>0, keR

Game solution 9?:{)( Y V. }

opt? “opt> " opt

Casel. b+g<0, 2a+b>0, 2h(2a+b)-g(g+c)>0

2h

Casell. b+g>0, 2a+b>0, 2a+b+g>0, g+c+2h>0

2

+ +c
Case8. b+g>0, 2a+b>0, 2a+b+g<0, 2h(2a+bh)—g(g+c)>0 §?={{l},{—g},a+b—g+k

4h

|

Case2. b+g<0, 2a+b2>0, 2h(2a+b)—g(g+c)<0, 2hb—cg>0

Case5. b+g<0, 2a+b<0, 2hb—cg>0

4ah-g* 4ah - g*

g(b+g)—2a(c+2h)> 0

Case13. b+g>0, 2a+b<0, g(b+g)—2a(c+2h)>0

g —4ah

g —2bh| [bg—2ac| c(ac—bg)+b’h
Case9. b+g>0, 2a+b>0, 2a+b+g<0, 2h(2a+b)-g(g+c)<0, .??:H°g h}{ o ”‘},C(a‘7 g)+bh

d

Case3. b+g<0, 2a+b>0, 2h(2a+b)-g(g+c)<0, 2hb—-cg <0,

c+2h>0 Q:{{O}’{_i}’k_

Case 6. b+g<0, 2a+b<0, 2hb—cg <0, c+2h>0

Cased. b+g<0, 2a+b>0, 217(2a+b)—g(g+c)<0, 2hb-cg <0,

c+2h<0 Z ={{0}, {1}, c+h+k}

Case7. b+g<0, 2a+b<0, 2hb—cg <0, c+2h<0

Case10. b+g>0, 2a+b>0, 2a+b+g <0, 2h(2a+b)—-g(g+c)<0,

g(b+g)-2a(c+2h)<0 B = {_M}’{I}’c_,.h_(b*'g)_‘_k}
2a 4a

Case14. b+g>0, 2a+b<0, g(b+g)-2a(c+2h)<0

Case12. b+g>0, 2a+bh>0, 2a+b+g>0, g+c+2h<0 .??:{{1},{]},a+b+g+c+h+k}

The formulated above theorem has been proved.
The investigated game and the proved theorem conclusion

The proved theorem may be used with the table 1 for the fast decision-making in conflict systems, which
may be modeled as the continuous antagonistic games [1, 3, 5, 6, 8]. In modeling processes of machine-building
aggregates run-in time selection the second player (projector) should hold its pure optimal strategy as the relative
run-in time. This gives at once the pragmatically single solution on how long to take a machine-building

4
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aggregate at the run-in time. The future investigations should be directed towards proving theorems for the
continuous antagonistic games, which are solved in the mixed strategies.
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